
d(xi,x
k, t)



t



xi



xk



‖xi − xk‖



‖xi + xk‖/2



∆ti



∆tk



d(xi,x
k, t) ≈ d(t−∆ti −∆tk) for t1 < t < t2.



cklij (τ)



cklij (τ) ≡ clkji(−τ) ≡
∫ t2

t1
d(xi,x

k, t− τ) d(xj,x
l, t) dt.



‖xi − xj‖ < xmax , ‖xk − xl‖ < xmax and ‖(xi + xk)/2− (xj + xl)/2‖ < xmax .



the lags τ klij ≈ ∆ti −∆tj + ∆tk −∆tl will maximize cklij (τ
kl
ij ).



τ klij



find ∆ti and ∆tk to minimize
∑
ijkl

(τ klij −∆ti + ∆tj −∆tk + ∆tl)2.



Ck
i (τ) ≡

∑
jl

cklij (τ).



Ci(τ) ≡
∑
jkl

cklij (τ) and Ck(τ) ≡
∑
ijl

cklij (τ)



Cij(τ) ≡
∑
kl

cklij (τ) and Ckl(τ) ≡
∑
ij

cklij (τ).



|τ | < τmax



{τ ki , τi, τ k, τij, τ kl} maximize Ck
i (τ ki ), Ci(τi), C

k(τ k), Cij(τij), and Ckl(τ kl).



min
∆ti∆tk

∑
i,k

(τ ki −∆ti −∆tk)2 +
∑
i

(τi −∆ti)
2 +

∑
k

(τ k −∆tk)2+



∑
i,j

(τij −∆ti + ∆tj)
2 +

∑
k,l

(τ kl −∆tk + ∆tl)2



max
∆ti∆tk

[
Ck

i (∆ti + ∆tk) + Ci(∆ti) + Ck(∆tk) + Cij(∆ti + ∆tj) + Ckl(∆tk + ∆tl)
]



d(xi,x
k, t)⇐ d(xi,x

k, t−∆ti −∆tk).



cklij (τ)⇐ cklij (τ −∆ti + ∆tj −∆tk + ∆tl).


